We propose a method for systematically finding ground states of spinor Bose-Einstein condensates by utilizing symmetry properties of the system. By this method, we can find not only an inert state, whose symmetry is maximal in the manifold under consideration, but also a non-inert state, which has lower symmetry and depends on the parameters in the Hamiltonian. We establish the symmetryclassification method for the spin-1, 2 and 3 cases at zero magnetic field, and find a new phase in the last case. Properties of vortices in the spin-3 system are also discussed.
The above set of equations gives the multi-component Gross-Pitaevskii equation for a stationary state. In general, to find the ground state, we must solve a set of 2F + 1 nonlinear coupled equations. Though this procedure works well when F is small [5] [6] [7] [8] [9] , the calculation becomes very involved for large F [10, 11] . One reason for the complexity of the problem is that there are an infinite number of solutions to Eq. (1) associated with symmetry breaking. In general, a system under consideration has a certain symmetry, which is spontaneously broken in the ordered phase. For the case of spinor gases, the Hamiltonian is invariant under the global gauge transformation, global spin rotation, and time reversal. The mean-field energy is also invariant under these transformations on ψ. If we find a solution to Eq. (1), the order parameters obtained by applying the gauge transformation, spin rotation, and/or time reversal to the solution also satisfy Eq. (1) . A set of order parameters obtained by such transformations is called an orbit. For example, the direction of the spontaneous magnetization in a ferromagnetic state is arbitrary in the absence of an external field. All ferromagnetic states having different directions of magnetization belong to the same orbit and should be identified as the same class of states.
A set of operations under which the order parameter remains invariant constitutes an isotropy group. The isotropy group characterizes the symmetry of the state, and its conjugacy class provides a convenient label to classify the individual states according to their symmetries. Moreover, such a symmetry consideration gives further clues for finding the ground-state order parameters. According to Michel [3, 12] , the gradient of the energy functional with respect to the order parameter vanishes in the direction along which the order parameter changes its symmetry. It follows that if we find a stationary solution by restricting the order parameter space so that the order parameter has a certain symmetry, the obtained state is always stationary in the whole order parameter space. This theorem greatly simplifies the procedure for finding a stationary state in comparison with direct solution of Eq. (1). In particular, in some cases, there is only one solution (orbit) which has a certain symmetry. Such a state, which is called an inert state, is always stationary and robust against a change in interaction parameters. Inert states have been obtained from the symmetry consideration in p-and d-wave superconductors [13, 14] , superfluid helium three [15] , and spinor BECs [16, 17] . On the other hand, a non-inert state depends on the parameters in the interaction energy, and energy minimization must be invoked to find it.
In this paper, we discuss the symmetry-classification method and apply it to spinor BECs with spin-1, 2, and 3 bosons at zero magnetic field. For the cases of spin-1 and 2 BECs, the obtained results agree with those found in the previous works [5] [6] [7] [8] [9] . For the case of a spin-3 BEC, however, the systematic method enables us to find a new phase, which exists in a very narrow region in the space of the scattering lengths and has eluded the previous works [10, 18] . In the spin-3 system, there are many phases that have discrete symmetries, leading to various kinds of vortices as in the case of a half-quantum vortex in the spin-1 polar phase [19] and a 1/3-vortex in the spin-2 cyclic phase [20, 21] . We discuss properties of vortices in spin-3 BECs and show that the quantization unit of the mass circulation depends on the interaction parameters in some phases. The study on a spin-3 BEC has been motivated by the experimental realization of BEC of 52 Cr atoms [22, 23] . Examples include the phase diagrams in the presence or absence of an external field [10, 11] , those under a light-induced quadratic Zeeman energy [24] or conserved magnetization [25] , and phase separation under an external magnetic field [26] . Possible vortices in each phase are investigated in Ref. [18] . Recently, spinor properties of spin-3 52 Cr BEC have been observed [27, 28] .
This paper is organized as follows. In Sec. II, we describe a method for finding a stationary point of an arbitrary function on a smooth manifold, and establish mathematical notations used in the present paper. In Sec. III, we describe a general procedure of the symmetry-classification method in spinor BECs. In Sec. IV, we carry out this procedure for spin-1, 2, and 3 BECs. In particular, for the case of a spin-3 BEC, we point out a new phase which has eluded Refs. [10, 18] . In Sec. IV, we discuss properties of vortices in spin-3 BECs. In Sec. V, we make concluding remarks. In the appendix, we explore stationary states with discrete symmetries in spin-3 BECs.
II. SYMMETRY-CLASSIFICATION METHOD
Our symmetry-classification method is based on the following Michel's theorems [3, 12, 29] .
A. Michel's Theorem
We consider a real smooth function f on a smooth manifold M. Let G be a group of operations which automorphically map M to itself and do not change the value of f :
where AutM denotes the group of automorphisms on M. For spinor BECs, f is the mean-field energy, M is the order-parameter manifold, and G is a group of gauge transformations, spin rotations, and time reversal (see Sec. III A).
An orbit M O (x) of x ∈ M is defined as the trajectory of a point x on the manifold under G:
By assumption, f takes on the same value on all the points in M O (x). If x is a stationary point in f , M O (x) is also stationary. What we need to find is not a stationary point x, but a stationary orbit M O (x). An isotropy group H x is a set of operations that do not change x:
It is clear that H x is a subgroup of G. It can also be shown that the isotropy groups of points on the same orbit are conjugate to each other:
Here, H and H ′ , which are subgroups of G, are conjugate to each other if and only if there exists g ∈ G such that H ′ = gHg −1 . If two points on different orbits share the same isotropy group, the orbits of such two points are considered to be of the same type, and we classify the types of orbits according to the conjugacy classes of subgroups of G. In other words, for each conjugacy class of a subgroup of G, we obtain a set of orbits. Such a union of orbits is called a stratum M S (x); x and x ′ ∈ M belong to the same stratum, if and only if their isotropy groups are conjugate to each other. Clearly,
Embedding the manifold M in an n-dimensional Euclidean space R n , where n ≥ dimM, the gradient of f at
Here, ∇ M f (x) describes the direction of the steepestascent vector which is tangent to the manifold M. Michel has proved that ∇ M f (x) is tangent to the stratum M S (x), i.e., the gradient of f vanishes in the direction along which the symmetry of the state changes [3, 12] .
. Hence, we obtain the following theorems:
Theorem 1 (inert state). If an orbit is isolated in the stratum, the orbit is stationary.
Theorem 2 (non-inert state).
If an orbit is not isolated in the stratum, we define a submanifold M H ⊂ M such that
where H is a subgroup of G that characterizes the stratum under consideration. Let f H be a real function which is the same as f but whose domain is restricted on M H . Then, the stationary point of f H on M H is always a stationary point of f on M.
It follows from Theorem 1 that all G-invariant functions f on a manifold M have a common stationary orbit. The corresponding state is called an inert state. Theorem 2 is instrumental in finding non-inert states.
B. Procedure
Following the above two theorems, the procedure to find a minimum of a G-invariant function f on a manifold M is summarized as follows:
1. Classify all subgroups of G according to conjugacy classes.
2.
Let H be an element of a conjugacy class. Find such x ∈ M that it is invariant under H.
3.
(inert state) If x is uniquely determined, then x is a stationary point of f , and the corresponding orbit M O (x) is a stationary orbit.
4.
(non-inert state) If x is not uniquely determined, then calculate the minimum of f in the submanifold M H ≡ {x ∈ M|hx = x for ∀ h ∈ H}. A stationary point x ∈ M H is also a stationary point of f in the whole space of M.
5.
Finally, compare the values of f for the obtained stationary states and find the lowest one.
We emphasize that the above procedure works well for the case in which stationary states have a certain symmetry. If H = 1, i.e., if no symmetry remains, the above procedure amounts to solving Eq. (1) directly. We therefore do not consider the case of H = 1. In the absence of an external field, all ground states of spinor BECs with spin F = 1, 2 and 3, superfluid 3 He, and p-and d-wave superconductors have remaining symmetries.
III. GENERAL PROCEDURES FOR SYMMETRY CLASSIFICATION OF SPINOR CONDENSATES
In this section, we describe general procedures for applying the symmetry-classification method described in the preceding section to the case of spinor BECs.
A. Mean-field energy
The mean-field energy of a uniform system of spin-F atoms with mass M at zero magnetic field is given by
We consider only a short-range interaction for V mm ′ nn ′ (r − r ′ ), and ignore the magnetic dipole-dipole interaction. Then, the interaction potential conserves the total spin of two colliding atoms and can be approximated with the delta function as
where a S is the s-wave scattering length of the total spin S channel, and P S = MS |S, M S S, M S | projects a pair of atoms onto the total spin S state. From the fact that the inter-atomic interaction is elastic and conserves the total number and total spin of particles, the Hamiltonian is invariant under the global U (1) gauge transformation, the SO(3) rotation in spin space, and time reversal Θ [30] . Hence,
is the full symmetry of spinor gases. Here, the subscripts φ and F denote the gauge and spin symmetry, respectively. If the scattering lengths satisfy special relations, G can be enlarged. For example, if all a S 's are equal, G = SU (2F + 1) × Θ. In this paper, however, we do not consider such exceptions.
In the absence of a trapping potential or a longrange interaction, the ground state is uniform with fixed density n. Introducing a normalized spinor ζ
T as ψ m = √ nζ m , the ground state is obtained by minimizing
respectively, where
are the magnetization per particle, the spin-singlet pair amplitude, and the spin-quintet pair amplitude, respectively, with F = (F x , F y , F z ) being the vector of spin-F matrices and S, M |F m, F n the Clebsch-Gordan coefficient. The coupling constants c 0 , c 1 , c 2 and c 3 are given in terms of the scattering lengths as [6] [7] [8] [9] [10] [11] 
2 , the last term on the right-hand side of Eq. (15) can be rewritten as
By decomposing F µ F ν in the last term into the symmetric and antisymmetric parts:
Eq. (22) reduces to
where N is the spin nematic tensor defined by [10] 
By definition, N is a real symmetric tensor whose trace is given by Tr N = F (F + 1). Then, the mean-field energy for F = 3 [Eq. (15) ] is rewritten as
wherec i 's are related to c i 's as
B. Procedure for the case of spinor BECs
Following the procedure in Sec. II B, we first classify all subgroups of G given by Eq. (11) according to conjugacy classes. The representation of each component of G in the spin-F manifold is given by
where 1 is the (2F + 1) × (2F + 1) identity matrix, α, β and γ are Euler angles, and the time-reversal operator T acts on ζ as
Since the eigenvalue of an arbitrary element g of SO(3) is given in the form of e iλ with λ ∈ R, the corresponding eigenstate is invariant under e −iλ g ∈ U (1) φ × SO(3) F , that is, it is invariant under a spin-gauge coupled operation. If there are two eigenstates that have different eigenvalues, these two states differ in the spin-gauge symmetry. Hence, the procedure 1 and 2 in Sec. II B are rephrased as follows:
Find simultaneous eigenstates ζ of all elements of each H ′ .
For procedure 1', it is known that SO(2) is the only continuous subgroup of SO (3), and that the discrete subgroups of SO(3) are given as follows [31] :
The cyclic group of rotations about a symmetry axis through angle 2πk/n with k = 1, 2, · · · , n − 1. The group is isomorphic to Z n .
D n : The dihedral group generated by the elements of C n and an additional rotation through π about an orthogonal axis.
T : The point group of the tetrahedron composed of 4 three-fold axes and 3 two-fold axes.
O:
The point group of the octahedron composed of 3 four-fold axes, 4 three-fold axes, and 6 two-fold axes. Y : The point group of the icosahedron composed of 6 five-fold axes, 10 three-fold axes, and 15 two-fold axes.
Since all rotations through a fixed angle about different axes are conjugate to each other, we choose a representative element H ′ in a conjugacy class of each subgroup of SO(3) F so that the highest symmetry axis is parallel to the z axis. The generators of such representative elements of the subgroups of SO(3) F are summarized in Table I , where C n,ωxx+ωyy+ωzz denotes a rotation about the direction ω = (ω x , ω y , ω z ) through 2π/n:
For example, the matrix elements of C nz and C 2x in a spin-F system are given by
Next, we calculate simultaneous eigenstates of all generators of each subgroup H ′ . First, we consider the case of H ′ = SO (2) . The eigenstate of the generator F z is uniquely determined as [ζ (m0) ] m ≡ δ mm0 . Here, we neglect the overall phase factor, since
We also disregard negative m 0 , since the order parameter ζ (−m0) is obtained by applying the time-reversal or the spin-rotation operator to ζ (m0) :
where
is a π rotation about an axis in the x-y plane, and α and γ are arbitrary real numbers. Here, we have used the following relations:
Since ζ (m0) and its time-reversal T ζ (m0) are transformed to each other through a spin rotation, the time-reversal symmetry is broken in these states. On the other hand, the m 0 = 0 state has the time-reversal symmetry, which is decoupled from spin rotations in the isotropy group:
Note that the m 0 = 0 state also has the Z 2 symmetry [19] : the order parameter is invariant under the π rotation about an axis perpendicular to the z axis, and the isotropy group can be written as
For the case of discrete subgroups, we shall calculate simultaneous eigenstates and the corresponding isotropy groups for each subgroup H ′ in Sec. IV. Most of them are not determined uniquely, and we minimize the energy
in the submanifold spanned by the simultaneous eigenstate for each H ′ . We note that the obtained state for a given H ′ might have higher symmetry than H ′ . For example, since C n ⊂ D n , the stationary point in the submanifold with symmetry C n may have the D n symmetry. To identify the symmetry of the obtained state, it is convenient to use the Majorana representation [32] , which we explain in the next subsection.
C. Majorana representation
Majorana invented a geometrical representation of a general spin-F state [32] . A state of the spin-F system can be specified by providing a symmetric configuration of 2F spin-1/2 systems, expect for an overall phase. Since the state of a spin-1/2 system can be described by the unit-sphere Bloch vector, the state of a spin-F system can be described by 2F vertices on the unit sphere. This representation helps us identify the symmetry structure of a spin-F condensate [33] .
We consider a polynomial of degree 2F for a given order parameter ζ:
Then, the 2F complex roots of P (F ) ζ (z) = 0 give 2F vertices on the unit sphere through the stereographic mapping z = tan(θ/2)e iφ . For the cases of spin F = 1, 2 and 3, the polynomials P (F ) ζ (z) are given, respectively, by
Using the Majorana representation, we can immediately find some inert states [17] . For example, a spin-2 BEC is described with 4 vertices. When these 4 vertices form a tetrahedron, the corresponding state has the tetrahedral symmetry. On the other hand, since an octahedron and an icosahedron have 6 and 12 vertices, respectively, no spin-2 state has octahedral or icosahedral symmetry. The octahedral symmetry appears in systems with F ≥ 3, and the icosahedron symmetry in systems with F ≥ 6.
For the time-reversed state T ζ, the polynomial is given by
T ζ (z) = 0, which corresponds to the antipole of z 0 on the unit sphere. Hence, the time-reversed state is described with antipoles of vertices of the original state.
IV. SPECIFIC EXAMPLES IN SPINOR BOSE-EINSTEIN CONDENSATES
In this section, we apply the procedure discussed in the previous sections to spin F = 1, 2, and 3 systems.
A. Spin-1
Mean-field energy
A spin-1 spinor BEC is described with a threecomponent spinor ζ = (ζ 1 , ζ 0 , ζ −1 )
T . The scaled meanfield energy for a given order parameter ζ is given by
Continuous symmetry
There are two inert states that have continuous isotropy groups:
where the former is the ferromagnetic state, while the latter is the polar (or antiferromagnetic) state. The isotropy group of these states are given by substituting (F, m 0 ) = (1, 1) and (1, 0) to Eqs. (35) and (39), respectively, as
P :
where α and γ are arbitrary real numbers. Substituting ζ (1, 0) in Eq. (46), the mean-field energies are obtained as
Discrete symmetry
We first consider the eigenstate of C nz whose matrix representation in the spin-1 manifold is given by
where Diag means the diagonal matrix. A nontrivial eigenstate of C nz that has more than two non-zero components exists only for n = 2 and is given by
with eigenvalue −1, where 0 < η ≤ 1/2. Note that we can always choose ζ 1 and ζ −1 to be real and positive without loss of generality, since the phase factors of these components can be removed by a spin rotation about the z axis and a gauge transformation. The geometric structures of ζ (1) , ζ (0) , and ζ (C2) are shown in Fig. 1 . For the case of H ′ = D 2 , the order parameter should be an eigenstate of C 2x :
resulting in η = 1/2. This state is nothing but the polar state since
. In other words, ζ (0) and ζ (C2) (η = 1/2) are on the same orbit. This fact can also be understood by comparing the geometric structures of these two states (Fig. 1 ). For the case of H ′ = C 2 , substituting the order parameter (56) in Eq. (46), we obtain
The stationary point of E (1) is at η = 1/2, and the corresponding state has the same symmetry as the polar state. Hence, there are only two phases in a spin-1 BEC: the ferromagnetic phase and the polar phase given by Eqs. (49) and (50), respectively. 2 )/(1 + |z| 2 ) according to the color gauge. For the case of the ferromagnetic state, the polynomial P (1) ζ (z) = z 2 has two degenerate roots at the north pole, which is indicated with ×2 in (a). In (c), two vertices are on the y-z plane on the same latitude. They are both at the north pole for η = 0 and on the equator for η = 1/2. In (c) the ζ (C 2 ) (η = 1/2) state has the same symmetry as the polar state.
Phase Diagram
Comparing the energies of the polar and ferromagnetic phases, we obtain the phase diagram of the spin-1 system as shown in Fig. 2 . The physics of the phase diagram is quite simple: from the mean-field energy (46), |f | should vanish for c 1 > 0, whereas it becomes maximal (i.e., |f | = 1) for c 1 < 0; the former is polar and the latter is ferromagnetic [5, 6] . B. Spin-2
Mean-field energy
A spin-2 spinor BEC is described with a five-
T . The scaled mean-field energy for a given order parameter ζ is written as
Continuous symmetry
There are three inert states that have continuous isotropy groups:
where F and U N stand for ferromagnetic and uniaxialnematic [34, 35] , respectively. The isotropy groups of these states are obtained by substituting (F, m 0 ) = (2, 2), (2, 1) and (2, 0) in Eqs. (35) and (39), respectively:
U N :
where α and γ are arbitrary real numbers. Substituting ζ (2,1,0) in Eq. (59), we obtain
The Majorana representations of F 2, F 1, and U N states are shown in Figs. 3(a), 3(b) and 3(c), respectively.
Discrete symmetry
Since a spin-2 system is described with four vertices in the Majorana representation, the symmetries that a spin-2 BEC may have are T , D 4,3,2 , and C 4,3,2 . For each symmetry group, we seek stationary points of E (2) [ζ]. The Majorana representation of the obtained states are shown in Fig. 3 (see also Ref. [35] ). T : The generators of the tetrahedron group are C 3z and C 2, √ 2x+z whose matrix representation on the spin-2 manifold are given by
The simultaneous eigenstate of these two operators is uniquely determined to be
T , up to an overall gauge. The eigenvalues of ζ (T ) are e i2π/3 for C 3z and 1 for C 2, √ 2x+z . This state is called the cyclic state. The isotropy group is generated by a set of the following operators:
where γ is an arbitrary real number, and here and henceforth, we denote a set of generators of H bỹ H. Though no spontaneous magnetization arises in the cyclic state, the time reversal symmetry is broken, because T ζ (T ) = ζ (T ) . One can also confirm this fact from the Majorana representation as shown in Fig. 3(d) : the antipoles of the vertices in Fig. 3(d) form a time-reversed tetrahedron, but it does not coincide with the original one. The meanfield energy of the cyclic state is given by
D 4 : A nontrivial eigenstate of
is written without loss of generality as
where 0 < η ≤ 1/2. When η = 1/2, this state becomes an eigenstate of C 2x with eigenvalue 1. Hence, there is an inert state that has the D 4 symmetry:
This state is often refereed to as the biaxial nematic state [34, 35] . The generators of the isotropy group and the mean-field energy for this state are given byH
respectively 
Equation (83) has a stationary point at η = 1/2, resulting in the D 4 state. The η dependence of the geometric structure of the state given in Eq. (79) is shown in Fig. 3(f) .
The eigenstate of C 3z is given by
where 0 < η < 1. The order parameter in the form of (0,
T is also a nontrivial eigenstate of C 3z . However, this state belongs to the same orbit of that in Eq. (84), because they are transformed into each other by a spin rotation and a gauge transformation. There is no simultaneous eigenstate of C 3z and C 2x , i.e., there is no state that has the D 3 symmetry. 
The stationary point of this function is η = 2/3, and the corresponding order parameter is identical to the cyclic state [Eq. (75)]. The geometric structure of the state given in Eq. (84) is shown in Fig. 3(g) .
The matrix representation of C 2z is given by
There are two simultaneous eigenstates of C 2z and C 2x .
Case (i): The order parameter
is the simultaneous eigenstates of C 2z and C 2x with eigenvalues −1 and 1, respectively. However, this state has the same symmetry as that of the biaxial nematic (D 4 ) state as shown in Fig. 3(h) .
Case (ii): The other simultaneous eigenstate can be written as
where the eigenvalues of C 2z and C 2x are both equal to 1. The mean-field energy of this state is given as a function of η and δ as
Taking the partial derivatives of Eq. (89) with respect to δ and η, we obtain two stationary points at δ = π/2 and η = 1/2, and at δ = 0 and arbitrary η.
For the former case, the corresponding order parameter, (1/2, 0, i/ √ 2, 0, 1/2), has the tetrahedral symmetry as shown in Fig. 3(i) . For the latter case, the order parameter is given by
which has symmetry different from that of the other obtained state [ Fig. 3(i) ], as shown in Figs. 3(j) and 3(k). The energy for this state is calculated to be
which does not depend on η, implying that all the states described by Eq. (90) are degenerate. The uniaxial and biaxial nematic states are also included in Eq. (90), and they can be smoothly transformed to each other by changing η in Eq. (90). For a fixed η, the generators of the isotropy group of ζ (D2) is given bỹ
However, if we take into account the degrees of freedom described by η, the isotropy group of the state given in Eq. (90) is shown to be [Z 2 ⋊ SO(4)] × Θ [36] , where ⋊ implies that the nontrivial element of Z 2 does not commute with some elements of SO(4). It has also been pointed out that the degeneracy with respect to η is lifted if we take into account quantum or thermal fluctuations [34, 35, 37] .
There are two nontrivial eigenstates of C 2z .
is the eigenstate of C 2z with eigenvalue −1. The mean-field energy of this state is given by
This function has a stationary point at η = 1/2. The corresponding state has the same symmetry as the biaxial nematic (D 4 ) state.
Case (ii): The order parameter
is the eigenstate of C 2z with eigenvalue 1, where a ± and b are complex numbers. Here, we choose a ± to be real numbers and rewrite these parameters as
where η, ξ ≥ 0, η + ξ ≤ 1, and −π < δ ≤ π. The mean-field energy of this state is given by
Taking the partial derivatives of Eq. (98) with respect to δ, η, and ξ, we obtain the same stationary solutions as those in case (ii) of the D 2 symmetry.
Phase diagram
Comparing the energies of the obtained stationary solutions [Eqs. (69), (70), (77), and (91)], we obtain the phase diagram of a spin-2 BEC as shown in Fig. 4 . In the region of nematic phase of Fig. 4 , all states described by Eq. (90) are degenerate, including uniaxial and biaxial nematic states. Our results agree well with those in the previous works [7] [8] [9] . Distinct from the case for F = 1, the phase diagram for F = 2 is determined by the last two terms in Eq. (59): c 1 |f | 2 and c 2 |A 00 | 2 . Clearly, |f | can vary within 0 ≤ |f | ≤ 2 for an F = 2 system. Note that |A 00 | is proportional to the inner product of the order parameter and its time reversal: |A 00 | = (T ζ) † ζ/ √ 5. It takes the maximum value of 1/ √ 5 when the order parameter has the time reversal symmetry, while it should vanish for the ferromagnetic state. Then, the ferromagnetic phase arises for c 1 < 0 and c 2 > 20c 1 , while the nematic state, which has the time reversal symmetry, becomes the ground state for c 2 < 0 and c 1 > c 2 /20. In the region of c 1 > 0 and c 2 > 0, the cyclic phase appears since both |f | and |A 00 | vanish in this phase.
C. Spin-3
Mean-field energy
A spin-3 BEC is described with a seven-component order parameter ζ = (ζ 3 , ζ 2 , ζ 1 , ζ 0 , ζ −1 , ζ −2 , ζ −3 )
T . The scaled mean-field energy is given by Eq. (15) . Following the notations in Ref. [10] , we rewrite Eq. (15) in terms of B 00 ≡ √ 7A 00 and B 2M = √ 7A 2M as where c γ = c 1 , c α = c 2 /7, c β = c 3 /7, which correspond to γ, α, and β in Ref. [10] , respectively,
are the spin densities, and
Continuous symmetry
There are four inert states that have continuous isotropy groups:
The isotropy groups of these states are given by substituting (F, m 0 ) = (3, 3), (3, 2) and (3, 1) in Eq. (35) , and (F, m 0 ) = (3, 0) in Eq. (39) as
where α and γ are arbitrary real numbers. Substituting ζ (3,2,1,0) in Eq. (99), the mean-field energies are obtained
Discrete symmetry
Since the state of the spin-3 BEC is represented by six vertices in the Majorana representation, the possible symmetries for a spin-3 BEC are O, T , D 6,5,4,3,2 , and C 6,5,4,3,2 . For each symmetry group, we seek stationary points ofẼ (3) [ζ].
O: The generators of the octahedron symmetry are C 4z and C 2,x+z whose representations on a spin-3 manifold are given by
respectively. The simultaneous eigenstate of these operators is uniquely obtained as
Here, the corresponding eigenvalues are equal to −1 for both C 4z and C 2,x+z . Then, the generators of the isotropy group are given bỹ
The mean-field energy is calculated as
T : The generators of the tetrahedron symmetry are C 3z and C 2, √ 2x+z whose matrix representations are given by
These two operators have a unique simultaneous eigenstate For the symmetry groups of D n and C n , we proceed in a manner similar to the case of the spin-2 BEC. We characterize the eigenstate of C nz with a few parameters (η, ξ, etc.). For the D 6 symmetry, the order parameter is uniquely determined; therefore, this is an inert state. For the other cases, we rewriteẼ (3) in terms of the new parameters and find stationary points. The detailed calculations are described in Appendix A. The results are summarized in Table II , in which we list all the obtained stationary states, together with their isotropy groups. We have obtained the analytical solutions for all stationary states, except for state C. For state C we have numerically calculated the energy by restricting the order parameter in the form of (a, 0, b, 0, c, 0, d)
T with a, b, c, d ∈ C. In the obtained state, a, b and d are real positive numbers and c is a real negative number. The geometric structure of the obtained states are shown in Fig. 5 (see also Ref. [18] ).
Among the obtained stationary states, only states A, D, and Q possess the time-reversal symmetry. The timereversal operator T is decoupled from spin rotations, which can also be understood from Fig. 5 , where the antipodal map does not change the configurations of vertices for the A, D, and Q states. The time-reversal operation changes the configurations of vertices for other states. In particular, the time-reversal symmetry is broken in the B and E states, even though these states have no spontaneous magnetization, as in the case of the cyclic phase in a spin-2 BEC. Spontaneous magnetization arises in the states except for A, B, D, E, and Q (see Table. III).
Phase Diagram
By comparing the energies, we obtain the phase diagram of spin-3 spinor BECs as shown in Fig. 6 . Here, the Table II. energy of state C is calculated numerically. The phase diagram is almost consistent with that in Ref. [10] . However, we have found a new phase J with the C 4 symmetry, which has eluded the previous works [10, 18] . We have also investigated the phase diagram by directly solving Eq. (1), and confirmed that no additional phase arises in the phase diagram. Because the method presented in the present paper can deal with only the states that possess remaining symmetries, all the phases shown in Fig. 6 have certain remaining symmetries. , 0)
, 0, 0, 0, [10, 18] except for phases J, P, Q, and R. State I in Ref. [10] is refereed to as HH in Ref. [18] . P, Q, and R do not appear in the phase diagram of Fig. 6 . The third column shows the isotropy groups. In A, D, and Q, the time-reversal operator T is decoupled from spin rotations inH, which implies that only these states have the time-reversal symmetry. In the calculation for D3 and D2, we have obtained the following states: (
T /4, and (1, 0, √ 15, 0, √ 15, 0, 1) T /4 √ 2, which have symmetries of O, D6, D∞, O, and D6, respectively. For the D2 symmetry, we have also obtained the solution in the form of (a, 0, be iδ , 0, be iδ , 0, a) T (a, b, δ ∈ R). However, this order parameter coincides with that of B by a π/2 rotation about the x axis.
phase boundary between E and D is given by y = 5x/3, while that between phase E and J is y = (252x − 25x
2 )/ [12(19x − 36) ], where y ≡ c α /|c γ | and x ≡ c β /|c γ |. The B-C phase boundary is numerically obtained and well described by y = 3|x|/(2|x| + 3). (The phase boundary y = 3|x|/(3|x| + 2) given in Ref. [10] should read y = 3|x|/(2|x| + 3). Figure 1 in Ref. [10] agrees with the latter one.)
In the phase diagram for c γ < 0 [ Fig. 6(b) ], the phase boundary between H and G is y = (24x+5x 2 )/(36+24x+ 2 ), and that between A and FF is y = −25x/12 − 9. These results also agree with Ref. [10] . In the top left region of Fig. 6(b) , states H and I, which have different symmetries, are degenerate. Distinct from the nematic phase in a spin-2 BEC [Eq. (90)], there is no intermediate state between the H and I states, as pointed out in Ref. [18] .
The phase boundaries between G and A and between FF and H are second-order because they can be transformed into each other by continuous changes in symmetry. Figure 7 shows the continuous symmetry change from A to G, and FF to H. In phase A, the order parameter has the D 6 symmetry. On the A-G phase boundary, the order parameter of G becomes (0, √ 3, 0, √ 10, 0, √ 3, 0) T /4, where η = 5/8, and ξ = 0. This state has the D 6 symmetry as shown in Fig. 7(a) . As c α /|c γ | increases, the four vertices move upward as indicated by arrows in Fig. 7(a) , and the D 6 symmetry breaks down. However, the six vertices of G are still on the same plane and the C 2 symmetry remains. On the other hand, on the FF-H phase boundary, the order parameter of H becomes (1, 0, 0, 0, 0, 0, 0)
T which is identical to FF. In the Majorana representation, the six vertices of FF lie at the north pole. As c β /|c γ | decreases, one of the vertices remains at the north pole, and the other five move downwards while keeping the C 5 symmetry [ Fig. 7(b) ].
FIG. 7. (Color online) Symmetry change at (a) A-G and (b)
FF-H phase boundaries. In phase G, the four vertices move upward as indicated by the arrows and the D6 symmetry in phase A breaks down. However, the six vertices are on the same plane and the C2 symmetry remains in phase G. In phase H, five vertices, which are on the north pole in phase FF, move downward while keeping the C5 symmetry.
To discuss the underlying physics of the phase digram, we use the mean-field energy in the form of Eq. (26).
[We used Eq. (15) for the calculation, because the description in terms of the order parameter is simpler for Eq. (15) than that for Eq. (26) .] In Fig. 8 , we show the phase diagram in the parameter space of (c 3 /|c 1 |,c 2 /|c 1 |) for (a)c 1 > 0 and (b)c 1 < 0. For the case of F = 3, the phase diagram is determined by three terms:c 1 |f | 2 , c 2 |A 00 | 2 , andc 3 Tr N 2 , whose values for the obtained stationary states are summarized in Table III . As we discussed in Sec. IV B 4, |A 00 | takes its maximum when the order parameter has the time-reversal symmetry, that is, |A 00 | = 1/ √ 7 for A, D and Q. These states may become a ground state forc 2 → −∞. They differ in the values of Tr N 2 . Since N is a 3 × 3 real symmetric matrix with trace F (F + 1) = 12, it has three real eigenvalues, λ i (i = 1, 2, 3), which satisfy i=1,2,3 λ i = 12. Then, Tr N 2 = i=1,2,3 λ 2 i takes its minimum when all three eigenvalues are the same, i.e., Tr N 2 | min = 48 for (λ 1 , λ 2 , λ 3 ) = (4, 4, 4) . This is the case of the D phase. On the other hand, by noting that 0 ≤ λ i ≤ F 2 = 9, the maximum value Tr N 2 | max = 171/2 is achieved in the A phase in which the eigenvalues are given by (λ 1 , λ 2 , λ 3 ) = (3/2, 3/2, 9). Hence, phases A and D arise forc 3 < 0 and In the region ofc 2 /|c 1 | → +∞ andc 3 /|c 1 | → −∞, the phase that has the minimum |A 00 | and the maximum Tr N 2 becomes the ground state, i.e., the FF phase. Interestingly, Tr N 2 becomes minimal for the F phase, although the magnetization is the second largest in this phase. Therefore, for the case ofc 1 < 0, the F phase arises in the region ofc 2 /|c 1 | → +∞ andc 3 /|c 1 | → +∞. On the other hand, there is no state that minimizes all |f |, |A 00 |, and Tr N 2 , simultaneously. Hence, many phases arise in the top right region of Fig. 8(a) . In the limit ofc 2 /|c 1 | → +∞ andc 3 /|c 1 | → +∞, the J phase, which has |f | → 1/2, |A 00 | = 0, and Tr N 2 → 48, becomes the ground state.
Vortices
Vortices in spin-3 BECs have been classified in Refs. [17, 18] . As explained in Refs. [17, 18] , topologically stable vortices are classified in terms of the elements of the "lifted" isotropy group, which is a subgroup of the universal covering space of G, i.e., SU (2) × R × Θ. Using the symmetry-classification method, we can identify the isotropy group of the obtained state, and therefore, we can find what types of topological excitations can be hosted there.
The order parameter far from a vortex core is generally described using gauge-transformation and spin-rotation operators as
where 0 ≤ s ≤ 1 is a parameter describing a closed contour around a vortex, and ζ rep is a characteristic order In (a), the J phase exists in the region of large c2/|c1| and large c3/|c1|, as shown in the inset of (a). In the region on the right of FF in (a), H is degenerate with I which can exist only forc3/|c1| < −2/9. The curved phase boundaries in (a) are given by B-C:ỹ = 168x(4 − 15x)/(21x − 2), G-H: y = 252x(5x−2)/(45x 2 +12x+4), and E-J:ỹ = 567x/(4x−2), wherex =c3/|c1| andỹ =c2/|c1|. The light-colored lines in (a) indicate second-order phase boundaries, while others show first-order phase boundaries. Phases A, D, and FF occupy the bottom left, bottom right, and top left regions, respectively, for bothc1 > 0 andc1 < 0, because |f |, |A00|, and Tr N 2 take their minima or maxima in these phases (see Table III ).
parameter for a state under consideration (see, for example, the order parameters in the fourth column of Table II ). For simplicity, we choose φ(0) = α(0) = β(0) = γ(0) = 0. Then, from the single-valuedness condition for the order parameter [ζ(0) = ζ(1)], the operator e iφ(1) e −iFzα(1) e −iFyβ(1) e −iFzγ(1) must be an element of the isotropy group H.
It is worth investigating the mass circulation of a condensate, which is always quantized in a scalar BEC in units of h/M . In spinor BECs, mass circulation is not always quantized due to the contribution from the Berry phase caused by spin textures. The mass current of a spinor BEC is defined as
and its circulation is defined as a line integral of v mass along a closed contour C:
In phases A, B, D, E, and Q, BECs have no magnetization, and mass current is proportional to the gradient of the overall phase φ:
Moreover, these phases have the spin-gauge coupled Z 2 symmetry, namely, the order parameter is invariant under e iπ C 2x or e iπ C 2,x+z . Then, the single-valuedness condition for these states requires that φ(1) takes on an integer multiple of π. It follows that κ is quantized in units of h/(2M ), which is one half of the conventional value. This situation is similar to the case of a half-quantum vortex in the spin-1 polar BEC [19] . Note, however, several topologically different vortices may have the same circulation. In particular, the A, B, D, and E phases host non-Abelian vortices because their isotropy groups are non-Abelian. Therefore, a topological charge that classifies each vortex in these phases is an operator (or a matrix) rather than a scalar quantity, as in the case of a 1/3 vortex in the spin-2 cyclic BEC [20, 21, 38] .
On the other hand, the other phases in Table III have spontaneous magnetizations, and the mass circulation is not simply quantized. For these phases, the mass current is calculated as
where |f | is the amplitude of the spontaneous magnetization given in the second column of Table. III, and (sin β cos α, sin β sin α, cos β) describes the direction of f . Integrating Eq. (130) along a closed contour C, we obtain the following relation:
is the Berry phase due to a texture of f , and it is defined modulo 4π|f |. Since α and β specify the direction of the magnetization, they have to satisfy α(1) = 2πn α and β(1) = 0, where n α is an integer. For the case of FF, F, and P, there is no discrete symmetry and the single-valuedness condition dictates that φ(1) = 2πn φ and γ(1) = 2πn γ , where n φ and n γ are integers. Since |f | is an integer in these phases, I v defined in Eq. (131) should also be an integer. Due to the arbitrariness of the Berry phase, vortices are classified by integers mod 2|f |. For G, which has spin-gauge decoupled discrete symmetry, the single-valuedness condition leads to φ(1) = 2πn φ and γ(1) = πn γ . Substituting these values in Eq. (131), we obtain I v = n 1 − n 2 |f |/2 where n 1 and n 2 are integers (n 1 = n φ and n 2 = 2n α + n γ for this case). Taking into account the arbitrariness of the Berry phase, vortices in G are classified by a set of two indices, n 1 and n 2 mod 4. In a similar manner, we obtain I v = n 1 − n 2 |f |/3 for the R phase. Topologically distinct vortices are classified by n 1 and n 2 mod 6. For C, H, I, and J, I v is described with three integers due to spin-gauge coupled discrete symmetries. For example, for the case of H, the single-valuedness condition requires φ(1) = 2πn φ − 4πn 3 /5 and γ(1) = 2πn γ + 2πn 3 /5, leading to I v = n 1 − n 2 |f | − n 3 (2 + |f |)/5. A vortex in H is then characterized with a set of three indices, n 1 , n 2 mod 2, and n 3 mod 5. Note that the value of |f | in the above cases (phases G, R, C, H, I, and J) varies, depending on the interaction parameters via parameters η and ξ (see Tables II and III) . Hence, the quantization unit of M κ/ − S(f ) depends on the interatomic interaction.
V. CONCLUSION
We have discussed the symmetry-classification method based on Michel's theorem, and applied it to spin-1, 2, and 3 spinor Bose-Einstein condensates (BECs). We classify BECs having unbroken symmetries according to conjugacy classes of an isotropy group H, where H is a group of operations that leave the order parameter unchanged. For the case of spinor BECs, H is a subgroup of G = U (1)×SO(3)×Θ, where U (1), SO(3), and Θ denote gauge transformations, spin rotations, and time reversal. For each subgroup H of G, we find an order parameter which is invariant under all elements of H. When H is large enough, the order parameter is uniquely determined (inert state). The obtained state is stationary regardless of the detailed form of the interaction energy. On the other hand, when H is a small group, there exist many states that are invariant under H. We have characterized the order parameters of these states with a few parameters and found stationary points of the mean-field energy with respect to these parameters. The obtained order parameter depends on the interaction parameters in the mean-field energy (non-inert state).
For spin-1 and 2 BECs, all ground-state phases are inert states, except for the spin-2 nematic (antiferromagnetic) phase in which two inert states and the intermediate state between them are degenerate. For spin-3 BECs, there are fourteen stationary states. Among them, eleven states appear in the phase diagram: four of them are inert states and others are non-inert states. We have analytically obtained the order parameters of all stationary states, except for the C phase, as functions of the interaction parameters. By comparing the energies of the obtained states, we have found a new phase (J phase) which exists in a very narrow region in the parameter space and has eluded the previous works [10, 18] .
Using the symmetry-classification method, we can find the isotropy group of the obtained state, from which we see which types of topological excitations can be hosted in the phase. Among the obtained stationary states, A, B, D, and E host non-Abelian vortices since their isotropy groups are non-Abelian. The mass circulation of these states and that of Q are quantized in units of h/(2M ).
In the other phases, the BEC has nonzero magnetization and the circulation of mass current is not quantized, due to the contribution from the Berry phase caused by spin textures. The difference between mass circulation and the Berry phase, however, is quantized as in Eq. (131). It is impossible to find a ground state that has no remaining symmetry, i.e., H = 1, by using the symmetry-classification method. For the case of H = 1, the symmetry-classification method amounts to solving Eq. (1). For the case of spin-1, 2 and 3 BECs in the absence of an external field, all ground states have remaining symmetries and are found by the symmetryclassification method. However, in the presence of an external field, the full symmetry G becomes smaller and completely broken in some phases, such as the brokenaxisymmetry phase in a spin-1 BEC and the Z 1 , Z 2 and Z 3 phases in spin-3 BECs [10] .
In this appendix, we explore stationary states which have D n and C n symmetries in spin-3 BECs.
D6 symmetry
The matrix representation of C 6z and C 2x are given by 
The simultaneous eigenstate of these operators is uniquely determined to be
where eigenvalues of C 6z and C 2x are both equal to −1. The generators of the isotropy group and the mean-field energy for this state are given bỹ
respectively.
C6 symmetry
A nontrivial eigenstate of C 6z , namely, the eigenstate that has more than two nonzero components of the order parameter, is written as
where a and b are complex numbers with |a| 2 + |b| 2 = 1. Note that we can arbitrarily choose the phases of a and b by applying a gauge transformation and a spin rotation about the z axis. Here, we choose a and b to be real positive numbers and write a = √ 1 − η and b = √ η, where 0 < η ≤ 1/2. Then, the mean-field energy of this state can be written as a function of η as
The stationary point of Eq. (A7) is η = 1/2. Hence, the stationary point that has the C 6 symmetry always possesses the D 6 symmetry.
D5 symmetry
The matrix representation of C 5z is given by
There is no simultaneous eigenstate of C 5z and C 2x .
C5 symmetry
In a manner similar to the case of the C 6 symmetry, a nontrivial eigenstate of C 5z can be written without loss of generality as
where −2 < η < 3, and the eigenvalue is e i4π/5 . The order parameter in the form of (0, (3 − η)/5, 0, 0, 0, 0, (2 + η)/5)
T is also a nontrivial eigenstate of C 5z . However, this state belongs to the same orbit as that of the state in Eq. (A9), because they are transformed into each other by a spin rotation and a gauge transformation. The mean-field energy is calculated as a function of η as
which has a stationary point at
The stationary point exists only when −2 < c β /[2(c β − 3c γ )] < 3. The generators of the isotropy group and the mean-field energy for the stationary state are given bỹ
D4 symmetry
The matrix representation of C 4z is given by Eq. (118). The simultaneous eigenstate of C 4z and C 2x is determined up to an overall phase to be (0, 1 √ 2 , 0, 0, 0, 1
This state has the symmetry of the octahedron, and the D 4 symmetry is not the largest symmetry of this state.
C4 symmetry
There are two nontrivial eigenstates of C 4z . Case (i): The order parameter
is an eigenstate of C 4z with eigenvalue i, where −1 < η < 3. The mean-field energy of this state is written as a function of η as E (3) = c γ η 2 + c β 12 (3 − η)(7 + η).
By taking derivative of Eq. (A16) with respect to η, we find a stationary state at
The generators of the isotropy group and the mean-field energy for the stationary state are given bỹ
respectively. Case (ii): The order parameter
is an eigenstate of C 4z with eigenvalue −1, where −1 < η < 1. The man-field energy of this state is given bỹ
whose stationary point lies at η = 0. The corresponding state has the symmetry of the octahedron (O), and C 4 is not the largest symmetry of this state.
D3 symmetry
The matrix representation of C 3z is given by C 3z = Diag[1, e i2π/3 , e −i2π/3 , 1, e i2π/3 , e −i2π/3 , 1].
The simultaneous eigenstate of C 3z and C 2x is written in the form of 
where −1 < η < 1 and the eigenvalues of C 3z and C 2x are 1 and −1, respectively. The mean-field energy of this state is given bỹ
The stationary points of this function are obtained as
(b) η = 9c β 48c α + c β , δ = 0, π.
For case (a), the stationary state is an inert state whose order parameter is given by (2, 0, 0, ±i √ 5, 0, 0, 2) T /3. Investigating the geometric structure of this state, we can find that this state has the symmetry of an octahedron. On the other hand, for case (b), the the stationary state is a non-inert state. The order parameters at δ = 0 and π are related to each other by a gauge transformation and (0, √ 3, 0, ± √ 10, 0, √ 3, 0) T /4. The Majorana representation of this state has six vertices that form a hexagon with the D 6 symmetry. For case (b), the stationary state is a non-inert state. The generators of the isotropy group and the mean-field energy for this state are given bỹ H = {C 2z , e iπ C 2x , e iπ C 4z T },
is a simultaneous eigenstate of C 2z and C 2x with eigenvalues −1 for both operators. The mean-field energy of this state is given bỹ
whose stationary points are obtained as 
For cases (a)-(c), the corresponding order parameters are respectively given by 
Since the isotropy group generated by thisH is isomorphic to that generated byH in Eq. (A49), the order parameter for case (d) lies on the same orbit as that of the state in Eq. (A45).
C2 symmetry
There are two nontrivial eigenstates of C 2 . Case (i): The order parameter (0, a + , 0, e iδ √ η, 0, a − , 0) T , (A62)
is the eigenstate of C 2 with eigenvalue 1, where η > 0, ξ ≥ 0, η + ξ < 1, and −π < δ ≤ π. The mean-field energy of this state is given bỹ
which has a stationary point at 
The generators of the isotropy group and the mean-field energy for this state are given bỹ 
respectively. We have also obtained the stationary points at δ = ±π/2 and π, which lie on the same orbit as that of the above solution. Case (ii): The order parameter in the form of 
is the eigenstate of C 2 with eigenvalue −1, where a, b, c and d are complex numbers satisfying |a| 2 + |b| 2 + |c| 2 + |d| 2 = 1. We have numerically minimized the mean-field energy of this state with respect to a, b, c and d. In the obtained stationary state, we can choose all components in the order parameter to be real and a, b, d > 0 and c < 0.
